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ALGEBRAIC EMBEDDINGS OF C INTO SLnpCq
IMMANUEL STAMPFLI
Abstract. We prove that any two algebraic embeddings C Ñ SLnpCq
are the same up to an algebraic automorphism of SLnpCq, provided
that n is at least 3. Moreover, we prove that two algebraic embeddings
C Ñ SL2pCq are the same up to a holomorphic automorphism of SL2pCq.
1. Introduction
There are many results concerning algebraic embeddings of some variety
into the affine space Cn. Let me recall two of them. Any two algebraic
embeddings of a smooth affine variety X into Cn are the same up to an
algebraic automorphism of Cn, provided that n ą 2 dimX ` 1. This re-
sult is due to Nori, Srinivas [Sri91] and Kaliman [Kal91]. If one relaxes the
condition that the automorphism of Cn must be algebraic, Kaliman [Kal13]
and independently, Feller and the author [FS14] proved the following im-
provement: Any two algebraic embeddings of a smooth affine variety X into
C
n are the same up to a holomorphic automorphism of Cn, provided that
n ą 2 dimX.
As a further development of these results, we study algebraic embeddings
of C into SLn. This article can be seen as a first example to understand
algebraic embeddings of a curve into an arbitrary affine algebraic variety
with a large automorphism group.
In dimension zero, Arzhantsev, Flenner, Kaliman, Kutzschebauch and
Zaidenberg proved that two embeddings of a finite set into any irreducible
smooth affine flexible variety Z are the same up to an algebraic automor-
phism of Z, provided that dimZ ą 1 [AFK`13]. Our main result is based
on this work.
Main Theorem (see Theorem 4 and Theorem 7). Let f, g : C Ñ SLn be
algebraic embeddings. If n ě 3, then f and g are the same up to an algebraic
automorphism of SLn and if n “ 2, then f and g are the same up to a
holomorphic automorphism of SLn.
To the author’s knowledge it is not known, whether all algebraic embed-
dings CÑ SL2 are the same up to an algebraic automorphism of SL2. Also
for algebraic embeddings C Ñ C3 it is an open problem, whether all these
embeddings are the same up to an algebraic automorphism of C3, see [Sha92]
for potential examples that are not equivalent to linear embeddings.
In fact, in a certain sense the class of algebraic embeddings C Ñ SL2
is as big as the class of algebraic embeddings C Ñ C3. More precisely,
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the following holds. If g : C Ñ C3, t ÞÑ pg1ptq, g2ptq, g3ptqq is an algebraic
embedding, then one can apply a (tame) algebraic automorphism of C3 such
that afterwards the polynomial g2 divides g1g3 ´ 1 and thus the following
map is an algebraic embedding
C ÝÑ SL2 , t ÞÝÑ
ˆ
g1ptq pg1ptqg3ptq ´ 1q{g2ptq
g2ptq g3ptq
˙
.
The construction of the claimed (tame) algebraic automorphism of C3 can
be seen as follows. First one can apply a map of the form px, y, zq ÞÑ
px, y ` λ, zq such that afterwards the polynomial g2 has only finitely many
simple roots, say t1, . . . , tn. Now, it is enough to apply some (tame) algebraic
automorphism of the form px, y, zq ÞÑ pϕ1px, zq, y, ϕ3px, zqq, which sends
the points gpt1q, . . . , gptnq to the curve txz “ 1, y “ 0u Ď C
3, see [KZ99,
Lemma 5.5].
The proof of the main theorem gives a method to construct the claimed
automorphism. However, the proof does not produce a computer algorithm
that would give such an automorphism. This is because the construction in
the proof depends on certain zero sets of polynomials.
2. Algebraic automorphisms of SLn
Let us introduce first some notation. For i, j in t1, . . . , nu, we denote the
ij-th entry of a matrix X P SLn by Xij . The projection SLn Ñ C, X Ñ Xij
we denote by xij.
In the first lemma, we list algebraic automorphisms of SLn that we use
constantly. The proof is straight forward.
Lemma 1. Let n ě 2 and let i ‰ j be integers in t1, . . . , nu. Then, for
every polynomial p in the functions xkl, k ‰ i, the map
SLn ÝÑ SLn , X ÞÝÑ EijpppXqq ¨X
is an automorphism, where Eijpaq denotes the elementary matrix with ij-
th entry equal to a. Similarly, for every polynomial q in the functions xkl,
l ‰ j, the map
SLn ÝÑ SLn , X ÞÝÑ X ¨EijpqpXqq
is an automorphism.
Recall that the group of tame automorphisms of Cn is the subgroup of the
automorphisms of Cn generated by the affine linear maps and the elementary
automorphisms, i.e. the automorphisms of the form
px1, . . . , xnq ÞÝÑ px1, . . . , xi ` hipx1, . . . , pxi, . . . , xnq, . . . , xnq ,
where hi is a polynomial not depending on xi. In the next result we list
automorphisms of Cn that can be lifted to automorphisms of SLn via the
projection to the first column pi1 : SLn Ñ C
n, i.e. automorphisms ψ of Cn
such that there exists an automorphism Ψ of SLn (depending on ψ) that
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makes the following diagram commutative:
SLn
pi1

Ψ
// SLn
pi1

C
n ψ // C
n .
Lemma 2. Let n ě 2. Every tame automorphism of Cn that preserves the
origin can be lifted to some automorphism of SLn via pi1 : SLn Ñ C
n.
Proof. First, remark that the group of tame automorphisms of Cn that pre-
serve the origin is generated by the linear group GLn and by the elementary
automorphisms that preserve the origin. For every A P GLn, the linear map
x ÞÑ A ¨ x of Cn can be lifted to the automorphism
SLn ÝÑ SLn , X ÞÝÑ A ¨X ¨ diag
`
1, . . . , 1, pdetAq´1
˘
via pi1, where diagpλ1, . . . , λnq denotes the nˆn-diagonal matrix with entries
λ1, . . . , λn. Let ψ be an elementary automorphism of C
n that preserves the
origin, i.e. there exist i P t1, . . . nu and polynomials p1, . . . , pi, . . . , pn in the
variables x1, . . . , pxi, . . . , xn such that
ψpx1, . . . , xnq “ px1, . . . , xi `
ÿ
j‰i
xjpjpx1, . . . , pxi, . . . , xnq, . . . , xnq .
The automorphism ψ can be lifted to some automorphism of SLn, e.g. to
the automorphism
SLn ÝÑ SLn , X ÞÝÑ
˜ź
j‰i
EijppjpX11, . . . ,yXi1, . . . ,Xn1qq
¸
¨X ,
cf. also Lemma 1. This finishes the proof. 
3. A generic projection result
Let V be an algebraic variety. We say that a statement is true for generic
v P V if there exists a Zariski dense open subset U Ď V such that the state-
ment is true for all v P U .
Lemma 3. Let n ě 3. If f : C Ñ SLn is an algebraic embedding such that
the matrices fp0q ´ fp1q and f 1p0q have maximal rank, then, for generic
A P Mn,n´1 the map
C
f
ÝÑ SLn
piAÝÑ Mn,n´1
is an algebraic embedding, where Mn,n´1 denotes the space of n ˆ pn ´ 1q-
matrices and piA is given by X ÞÑ X ¨ A.
Proof. Let ∆ Ď C2 be the diagonal. Consider the following (Zariski) locally
closed subsets of C2z∆:
Ci “ t pt, rq P C
2z∆ | rankpfptq ´ fprqq “ i u .
Consider for every A P Mn,n´1 the composition
(˚) Ci // C
2z∆
pt,rqÞÑfptq´fprq
// Mn,n
piA
// Mn,n´1 .
This map is never zero for generic A P Mn,n´1; indeed:
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‚ If 1 ă i ď n, then (˚) is never zero provided that A P Mn,n´1 has
maximal rank.
‚ If i “ 1, then dimC1 ď 1, since dimCn “ 2 (note that fp0q ´ fp1q
has maximal rank). For pt, rq P C1, let Zpt,rq “ kerpfptq ´ fprqq.
Since dimC1 ď 1 ă n´ 1, a generic pn´ 1q-dimensional subspace of
C
n is different from Zpt,rq for all pt, rq P C1. Thus, for generic A the
composition (˚) is never zero.
Clearly, C0 “ ∅. Hence, we proved that the composition piA ˝ f is injective
for generic A P Mn,n´1. Clearly, piA ˝ f is proper for generic A P Mn,n´1.
For the immersivity, we have to show for generic A P Mn,n´1 that
(1) f 1ptq ¨A ‰ 0
for all t P C. Since rank f 1p0q “ n, the set U “ t t P C | rank f 1ptq “ n u is
Zariski dense and open in C. Thus (1) is satisfied for all A ‰ 0 and for all
t P U . Since f is immersive, we have f 1ptq ‰ 0 for all t P C. This implies
that for generic A we have f 1ptq ¨A ‰ 0 for all t P C. 
4. Algebraic embeddings of C into SLn for n ě 3
Theorem 4. For n ě 3, any two algebraic embeddings of C into SLn are
the same up to an algebraic automorphism of SLn.
Lemma 5. Let n ě 2. Assume that f : C Ñ SLn is an algebraic embedding
such that
C
f
ÝÑ SLn
pin´1
ÝÑ Mn,n´1
is an algebraic embedding, where pin´1 denotes the projection to the first
n´ 1 columns. Then there exists an algebraic automorphism ϕ of SLn such
that
C
f
ÝÑ SLn
ϕ
ÝÑ SLn
pi1ÝÑ Cn
is given by t ÞÑ p1, 0, . . . , 0, tqT .
Proof of Lemma 5. Assume that n “ 2. Since two algebraic embeddings of
C into C2 are the same up to an algebraic automorphism of C2 (Abhyankar-
Moh-Suzuki Theorem, see [AM75, Suz74]), one can see that there exists
an algebraic automorphism of C2 that preserves the origin and changes the
embedding pi1 ˝ f : C Ñ C
2 to the embedding C Ñ C2, t ÞÑ p1, tq. Using
the fact that every algebraic automorphism of C2 is tame (Jung’s Theo-
rem, see [Jun42]), it follows from Lemma 2 that there exists an algebraic
automorphism ϕ of SL2 such that pi1 ˝ ϕ ˝ fptq “ p1, tq.
Assume that n ě 3. Let Aptq “ pin´1 ˝ fptq. Since the kernel of Aptq
T is
one-dimensional for all t, the following affine variety
E “ t pv, tq P Cn ˆ C | AptqT ¨ v “ 0 u
defines the total space of a line bundle over C with projection map pv, tq ÞÑ t.
Since n ě 3 ą dimE, this implies that there exists a vector v P Cn such
that vT ¨ Aptq is non-zero for all t P C. Now, complete vT to a matrix
B P SLn with last row equal to v
T . Since n ě 3, there exists a permutation
matrix P P SLn, with first column equal to p0, . . . , 0, 1q
T . After applying
the automorphism X ÞÑ B ¨X ¨ P of SLn, we can assume that
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i) the map C Ñ Mn,n´1 given by t ÞÑ pfijptqq1ďiďn,2ďjďn is an algebraic
embedding and
ii) the vector pfn2ptq, fn3ptq, . . . , fnnptqq is non-zero for all t P C,
where fijptq denotes the ij-th entry of the matrix fptq. By ii), there exist
polynomials p˜k P Crts, 2 ď k ď n such that
nÿ
k“2
fnkptqp˜kptq “ t´ fn1ptq .
By i), there exist polynomials pk in the functions xij with 1 ď i ď n,
2 ď j ď n such that p˜kptq “ pkp. . . , fijptq, . . .q. Let ϕ : SLn Ñ SLn be the
automorphism
X ÞÝÑ X ¨
¨˚
˚˝˚ 1p2pXq 1
...
. . .
pnpXq 1
‹˛‹‹‚ .
Clearly, the left down corner of the matrix ϕ ˝ fptq is equal to t. Now, one
can construct with the aid of Lemma 2 an automorphism ψ of SLn such that
the first column of ψ ˝ ϕ ˝ fptq is equal to p1, 0, . . . , 0, tqT . This proves the
lemma. 
Lemma 6. Let n ě 2 and let f : C Ñ SLn be an algebraic embedding such
that the first column of fptq is equal to p1, 0, . . . , 0, tqT . Then f is the same
as
C ÝÑ SLn , t ÞÝÑ En1ptq
up to an algebraic automorphism of SLn, where En1ptq denotes the elemen-
tary matrix with left down corner equal to t.
Proof of Lemma 6. Let ψ be the automorphism of SLn defined by
X ÞÝÑ X ¨ fpXn1q
´1 ¨En1pXn1q
where Xij denotes the ij-th entry of the matrix X. Now, one can easily
check that ψ ˝ f is the embedding t ÞÑ En1ptq. 
Proof of Theorem 4. Start with an algebraic embedding f : C Ñ SLn. As
SLn is flexible, for any finite set Z in SLn there exists an automorphism of
SLn which fixes Z and has prescribed volume preserving differentials in the
points of Z, see [AFK`13, Theorem 4.14 and Remark 4.16]. Using the fact
that AutpSLnq acts 2-transitively on SLn, see e.g. [AFK
`13, Theorem 0.1],
we can assume that
detpfp0q ´ fp1qq ‰ 0 and det f 1p0q ‰ 0 .
Since n ě 3, by Lemma 3 there exists a matrix A in Mn,n´1 of maximal rank,
such that t ÞÑ fptq ¨ A defines an algebraic embedding of C into Mn,n´1.
Extend A with an additional column v P Cn to a n ˆ n-matrix pA|vq of
determinant one. After applying the algebraic automorphism X Ñ X ¨pA|vq
of SLn, we can assume that the composition
C
f
ÝÑ SLn
pin´1
ÝÑ Mn,n´1
is an algebraic embedding. After an algebraic coordinate change of SLn,
we can assume that the first column of fptq is equal to p1, 0, . . . , 0, tqT by
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Lemma 5. Thus, up to an algebraic automorphism of SLn, f is the same as
t ÞÑ En1ptq by Lemma 6. This finishes the proof. 
5. Algebraic embeddings of C into SL2
Theorem 7. Any two algebraic embeddings C Ñ SL2 are the same up to a
holomorphic automorphism of SL2.
Remark 8. Since for all pa, bq P C˚ ˆ C the embeddings
t ÞÝÑ
ˆ
1 t
0 1
˙
and t ÞÝÑ
ˆ
1 at` b
0 1
˙
are the same up to an algebraic automorphism of SL2, it is enough to prove
Theorem 7 up to an algebraic reparametrization of the embeddings C Ñ SL2.
For the proof of Theorem 7, we need the following rather technical result,
which enables us to bring an arbitrary algebraic embedding C Ñ SL2 in a
“nice” position.
Proposition 9. Let f : C Ñ SL2 be an algebraic embedding. Then there
exists a holomorphic automorphism ϕ of SL2 and a constant a P C such that
the embedding
C ÝÑ SL2 , t ÞÝÑ
ˆ
g11ptq g12ptq
g21ptq g22ptq
˙
:“ pϕ ˝ fqpt` aq
satisfies:
(1) for all t P g´1
11
p0q we have g12ptq “ t;
(2) the map t ÞÑ pg11ptq, g21ptqq is a proper, bimeromorphic immersion
such that the image Γ has only simple normal crossing singularities;
(3) the singularities of Γ are distinguished by the first coordinate of C2;
(4) the line t0uˆC intersects Γ transversally; in particular, Γ is smooth
in every point of ΓX t0u ˆ C;
(5) the map t ÞÑ g11ptq is polynomial.
The proof of this proposition uses the following easy result which is a
direct application of the Baire category theorem:
Lemma 10. Let HpCnq be the Fre´chet space of holomorphic functions on
C
n with the compact-open topology. If S is the countable union of closed
proper subspaces of HpCnq, then HpCnqzS is dense in HpCnq.
Let p P Cn and let i P t1, . . . , nu. In our proof of Proposition 9 we use
the fact that the linear functionals on HpCnq
h ÞÝÑ hppq and h ÞÝÑ Dxihppq
are continuous and thus their kernels are proper closed subspaces of HpCnq.
Additionally, we use for the proof of Proposition 9 the following, again
rather technical result:
Lemma 11. Let f : C Ñ SL2 be an algebraic embedding. Then there exists
an algebraic automorphism ϕ of SL2 such that the embedding
C ÝÑ SL2 , t ÞÝÑ pϕ ˝ fqptq “
ˆ
xptq yptq
zptq wptq
˙
satisfies:
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a) the maps t ÞÑ xptq and t ÞÑ wptq are non-constant polynomials;
b) the maps t ÞÑ pxptq, zptqq and t ÞÑ pxptq, wptqq are bimeromorphic and
immersive;
c) the singularities of the image of t ÞÑ pxptq, zptqq lie inside pC˚q2;
d) the image of t ÞÑ pxptq, zptqq intersects t0u ˆ C transversally.
Proof of Lemma 11. Clearly, we can assume that fp0q is the identity matrix
E2 P SL2. By [AFK
`13, Theorem 4.14 and Remark 4.16], there exists an
algebraic automorphism of SL2 which fixes E2 and maps the tangent vector
f 1p0q P TE2 SL2 “ Lie SL2 to the matrix
F2 “
ˆ
1 0
0 ´1
˙
P Lie SL2 .
Thus we can assume that fp0q “ E2 and f
1p0q “ F2. In particular, property
a) is satisfied. Since f 1ptq is never zero and since f 1ptq is invertible for generic
t (note that f 1p0q “ F2 is invertible) it follows that f
1ptq ¨ v is non-zero for
generic v P C2ztp0, 0qu. For generic µ P C, this implies that the embedding
t ÞÝÑ fptq ¨
ˆ
1 0
µ 1
˙
satisfies still property a) and the projection to the first column gives an
immersive map. Let us fix such a µ. For generic λ P C the embedding
t ÞÝÑ fptq ¨
ˆ
1 0
µ 1
˙
¨
ˆ
1 λ
0 1
˙
still satisfies property a) and the projection to the first column and the
projection to the diagonal give immersive maps. Since any immersive mor-
phism of C to an irreducible affine curve is birational, we can assume that
f satisfies properties a) and b). Now, for generic a P C the embedding
(˚˚) t ÞÝÑ
ˆ
1 0
a 1
˙
¨ fptq
satisfies properties a) and b) and the singularities of the image of the projec-
tion to the first column lie inside Cˆ C˚. Let us fix such an a. For generic
b P C the embedding
(˚ ˚ ˚) t ÞÝÑ
ˆ
1 b
0 1
˙
¨
ˆ
1 0
a 1
˙
¨ fptq
satisfies now the properties a) to c). Let ppptq, qptqqT be the first column
of the embedding (˚˚). Then the top left entry of the embedding (˚ ˚ ˚) is
given by pptq` bqptq. Now, if (˚ ˚ ˚) satisfies properties a) to c), then (˚ ˚ ˚)
satisfies property d) if and only if pptq`bqptq has only simple roots. However,
this last condition is satisfied for generic b, since pptq` bqptq has only simple
roots if and only if for all t the vector p1, bqT lies not in the kernel of the
matrix ˆ
pptq qptq
p1ptq q1ptq
˙
and since this last matrix is invertible for generic t and never vanishes. This
finishes the proof. 
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Proof of Proposition 9. Using Lemma 11 we can assume that f satisfies the
properties a) to d) of Lemma 11. As a consequence of b) and c) we get that
the map t ÞÑ pxptq, zptq, wptqq is a proper holomorphic embedding.
Let t1, . . . , tn be the roots of xptq “ 0 (which are simple according to
property d)). After a reparametrization of f of the form t ÞÑ t` a one can
assume that wptiq ‰ wptjq for all i ‰ j and ti ‰ 0 for all i. Let ai P C
such that e´ai “ ´tizptiq and let b : C Ñ C be a polynomial map such that
bpwptiqq “ ai and b
1pwptqq “ 0 for all t with x1ptq “ 0. After applying the
holomorphic automorphism
SL2 ÝÑ SL2 ,
ˆ
x y
z w
˙
ÞÝÑ
ˆ
x e´bpwqy
ebpwqz w
˙
we can assume that the embedding f satisfies yptiq “ ti for all i and f still
satisfies the properties a) to d).
Let ρ be the embedding t ÞÑ pxptq, yptq, zptqq. Fix x0 ‰ 0 such that
I) zpsq ‰ 0 and x1psq ‰ 0 for all s P x´1px0q and
II) the maps t ÞÑ zptq and t ÞÑ wptq are injective on x´1px0q.
Let ts1, . . . , snu “ x
´1px0q. With the aid of Lemma 10 one can see that
there exists a holomorphic function c : C2 Ñ C that satisfies the following:
i) for all px, z, wq ‰ px, z, w1q P ρpCq we have cpx,wq ‰ cpx,w1q;
ii) for all t with x1ptq “ 0, the partial derivativeDwc vanishes in pxptq, wptqq;
iii) for all i “ 1, . . . , n we have cp0, wptiqq “ 0;
iv) for all integers k, q and for all 2-element sets ti, ju ‰ tl, pu we have
rlog zpslq ´ log zpspq ` 2piiqs ¨ rcpx0, wpsjqq ´ cpx0, wpsiqqs
‰ rlog zpsiq ´ log zpsjq ` 2piiks ¨ rcpx0, wpspqq ´ cpx0, wpslqqs ;
v) for all integers k and for all i ‰ j we have
rlog zpsiq ´ log zpsjq ` 2piiks ¨
“
x1psiqcpx,wq
1psjq ´ x
1psjqcpx,wq
1psiq
‰
‰
“
z1psiqx
1psjq{zpsiq ´ z
1psjqx
1psiq{zpsjq
‰
¨ rcpx0, wpsjqq ´ cpx0, wpsiqqs .
Let V Ď C˚ be the largest subset such that for all x0 P V the properties
I) and II) are satisfied. By property a), the complement CzV is a closed
discrete (countable) subset of C. The inequalities in iv) and v) are locally
holomorphic in x0 P V after a local choice of sections s1, . . . , sn of the
covering x´1pV q Ñ V and a local choice of the branches of the logarithms.
Since V is path-connected, one can now deduce that there exists a subset
U Ď V such that CzU is countable and for all x0 P U the properties iv) and
v) are satisfied.
According to i) and c) there exists λ P C˚ such that for all x1 P CzU
we have the following: If px1, z, wq ‰ px1, z
1, w1q P ρpCq, then eλcpx1,wqz ‰
eλcpx1,w
1qz1. Now, let ϕ be the following holomorphic automorphism
SL2 ÝÑ SL2 ,
ˆ
x y
z w
˙
ÞÝÑ
ˆ
x e´λcpx,wqy
eλcpx,wqz w
˙
and let g “ ϕ ˝ f . According to iii), g satisfies property (1) of the propo-
sition. Property ii) implies that t ÞÑ pg11ptq, g21ptqq is immersive. Clearly,
t ÞÑ pg11ptq, g21ptqq is proper and g satisfies property (5) of the proposition.
By iii), it follows that g satisfies property (4) of the proposition and thus
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t ÞÑ pg11ptq, g21ptqq is bimeromorphic. By the choice of λ, it follows for
x1 R U that g21ptq ‰ g21pt
1q for all t ‰ t1 P x´1px1q. Since all x0 P U satisfy
iv) and v) the image of t ÞÑ pg11ptq, g21ptqq has only simple normal crossings,
which have distinct first coordinates in C2. This implies properties (2) and
(3) of the proposition. 
Proof of Theorem 7. Let f : C Ñ SL2 be an algebraic embedding. We will
prove that up to a holomorphic automorphism of SL2 and up to an algebraic
reparametrization, f is the same as the standard embedding t ÞÑ E12ptq.
After applying a holomorphic automorphism of SL2 and performing an
algebraic reparametrization we can assume that f satisfies properties (1) to
(5) of Proposition 9. We denote
fptq “
ˆ
xptq yptq
zptq wptq
˙
.
As usual, pi1 : SL2 Ñ C
2 denotes the projection onto the first column. Let
S be the (countable) closed discrete set of points s P C2zt0u such that
ppi1 ˝ fq
´1psq “ ts1, s2u with s1 ‰ s2, see property (2). For every s in S,
it holds that yps1q ‰ yps2q, since f is an embedding and since all simple
normal crossings of the image of pi1 ˝f lie inside C
˚ˆC due to property (4).
Thus, we can choose as P C such that
s1 ´ e
asyps1q “ s2 ´ e
asyps2q .
Let ψ1 : C Ñ C be a holomorphic function with ψ1p0q “ 0 such that for all
s P S we have ψ1pxps1qq “ as. This function exists, since xps1q “ xps2q ‰ 0
for all s P S (by property (4)), since xpppi1 ˝ fq
´1pSqq is a closed analytic
subset of C (by property (5)) and since xps1q ‰ xps
1
1q for distinct s, s
1 of S
(by property (3)). Let α1 be the holomorphic automorphism of SL2 defined
by
α1
ˆ
x y
z w
˙
“
ˆ
x eψ1pxqy
e´ψ1pxqz w
˙
.
By composing f with α1, we can assume that s1´ yps1q “ s2´ yps2q for all
s P S. The embedding f still satisfies the properties (1) to (5).
Let Γ Ă C2 be the image of pi1 ˝ f : C Ñ C
2. By Remmert’s proper
mapping theorem [Rem57, Satz 23], Γ is a closed analytic subvariety of C2.
Now, using that pi1 ˝f is immersive and Γ has only simple normal crossings,
we get a holomorphic factorization
C
tÞÑt´yptq

❄
❄
❄
❄
❄
❄
❄
❄
pi1˝f
// Γ
e

C .
Using properties (1) and (4), it follows that the map
e˜ : Γ ÝÑ C , px, zq ÞÝÑ
epx, zq
x
is holomorphic. Using Cartan’s Theorem B [Car53, The´ore`me B], we can
extend e˜ to a holomorphic map ψ2 : C
2 Ñ C. Let α2 be the holomorphic
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automorphism of SL2 defined by
α2
ˆ
x y
z w
˙
“
ˆ
x y ` xψ2px, zq
z w ` zψ2px, zq
˙
.
After applying the automorphism α2 to f we can assume that yptq “ t. This
implies that xp0qwp0q “ 1. Let p, q be the holomorphic functions such that
pptqt “ xptq´xp0q and qptqt “ wptq´wp0q. After applying the holomorphic
automorphismˆ
x y
z w
˙
ÞÝÑ
ˆ
wp0q 0
0 xp0q
˙ˆ
1 0
´qpyq 1
˙ˆ
x y
z w
˙ˆ
1 0
´ppyq 1
˙
we can additionally assume that wptq “ xptq “ 1, which implies zptq “ 0.
The statement follows now from Remark 8. 
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